Abstract. For a nonzero integer n, a set of m distinct nonzero integers {a 1 , a 2 , . . . , am} such that a i a j + n is a perfect square for all 1 ≤ i < j ≤ m, is called a D(n)-m-tuple. In this paper, we show that there infinitely many essentially different quadruples which are simultaneously D(n 1 )-quadruples and D(n 2 )-quadruples with n 1 = n 2 .
Introduction
For a nonzero integer n, a set of distinct nonzero integers {a 1 , a 2 , . . . , a m } such that a i a j + n is a perfect square for all 1 ≤ i < j ≤ m, is called a Diophan- with the property that the product of any two of its distinct elements is a square of a rational number. By multiplying elements of this set by 16 we obtain the D(256)-quadruple {1, 33, 68, 105}. Fermat found the first D(1)-quadruple, it was the set {1, 3, 8, 120}. In 1969, Baker and Davenport [5] , using linear forms in logarithms of algebraic numbers and the reduction method introduced in that paper, showed that the set {1, 3, 8} can be extended to a Diophantine quintuple only by adding 120 to the set. In 2004, Dujella [13] showed that there are no Diophantine sextuples and that there are at most finitely many Diophantine quintuples. Recently, He, Togbé and Ziegler proved that there are no Diophantine quintuples [25] . (See also [6] for an analogous result concerning the conjecture of nonexistence of D(4)-quintuples.) On the other hand, it was known already to Euler that there are infinitely many rational Diophantine quintuples. In particular, the Fermat's set {1, 3, 8, 120} can be extended to a rational Diophantine quintuple by adding 777480/8288641 to the set. Recently, Stoll [30] proved that the extension of Fermat's set to a rational Diophantine quintuple is unique. The first example of a rational Diophantine sextuple, the set {11/192, 35/192, 155/27, 512/27, 1235/48, 180873/16}, was found by Gibbs [22] , while Dujella, Kazalicki, Mikić and Szikszai [18] recently proved that there are infinitely many rational Diophantine sextuples (see also [17] ). It is not known whether there exists any rational Diophantine septuple. For an overview of results on D(1)-m-tuples and its generalizations see [15] .
Let us mention some results concerning D(n)-sets with n = 1. It is easy to show that there are no D(n)-quadruples if n ≡ 2 (mod 4) (see e.g. [7] ). On the other hand, it is known that if n ≡ 2 (mod 4) and n ∈ {−4, −3, −1, 3, 5, 8, 12, 20}, then there exists at least one D(n)-quadruple [9] . It is believed that the size of sets with the property D(n) is bounded by an absolute constant (independent on n). It is known that the size of sets with the property D(n) is ≤ 31 for |n| ≤ 400; < 15.476 log |n| for |n| > 400, and < 3 · 2 168 for n prime (see [11, 12, 19] and also [4] ).
In [27] , A. Kihel and O. Kihel asked if there are Diophantine triples {a, b, c} which are D(n)-triples for several distinct n's. They conjectured that there are no Diophantine triples which are also D(n)-triples for some n = 1. However, the conjecture is not true, since, for example, {8, 21, 55} is a D(1) and D(4321)-triple (as noted in the MathSciNet review of [27] ), while {1, 8, 120} is a D(1) and D(721)-triple, as observed by Zhang and Grossman [31] . In [1] , several infinite families of Diophantine triples were presented which are also D(n)-sets for two additional n's. Furthermore, there are examples of Diophantine triples which are D(n)-sets for three additional n's. For example, the set {4, 12, 420} is a D(n)-quadruple for n = 1, 436, 3796, 40756 (see also [2] ).
If we omit the condition that one of the n's is equal to 1, then the size of a set N for which there exists a triple {a, b, c} of nonzero integers which is a D(n)-set for all n ∈ N can be arbitrarily large. Indeed, take any triple {a, b, c} such that the elliptic curve E :
has positive rank over Q. Then there are infinitely many rational points on E(Q).
For an arbitrary large positive integer M we may choose M distinct rational points R 1 , . . . , R M ∈ 2E(Q), so that we have
where stands for a square of a rational number (see e.g. [26, 4.1, p. 37]). We
On the other hand, assuming Lang's conjecture on varieties of general type, for a given quadruple {a, b, c, d} of distinct integers, the size of the set N of integers n for which {a, b, c, d} is a D(n)-quadruple is bounded by an absolute constant. Indeed, let ab + n = x 2 . By multiplying remaining five conditions, we get the hyperelliptic curve
which has genus 4 unless it has two equal roots. Assume e.g. that ad = bc. Then we get the hyperelliptic curve
with distinct roots (unless b = −a or c = −a) and, hence, with genus equal to 3. Finally, if e.g. c = −a and d = −b, we get the hyperelliptic curve
with distinct roots and with genus equal to 2. Assuming the above mentioned Lang' conjecture, Caporaso, Harris and Mazur [8] proved that for g ≥ 2 the number B(g, K) = max C |C(K)| is finite, where C runs over all curves of genus g over a number field K. Therefore, we get that, under Lang's conjecture, |N | ≤ max(B(2, Q), B(3, Q), B(4, Q)).
Thus, it seems natural to ask is there any set of four distinct nonzero integers which is a D(n i )-quadruple for two distinct (nonzero) integers n 1 and n 2 . However, it seems that this question has not been studies yet and that there are no examples of such quadruples in the literature. In Section 2 we will present results of our computer search for such quadruples. Motivated by certain regularities in found examples, we will show in Section 3 that there are infinitely many such examples. If {a, b, c, d} is D(n 1 ) and D(n 2 )-quadruple and u is a nonzero rational such that au, bu, cu, du, n 1 u 2 and n 2 u 2 are integers, then {au, bu, cu, du} is a D(n 1 u 2 ) and D(n 2 u 2 )-quadruples. We will say that these two quadruples are equivalent, and list only one representative of each found class of quadruples.
Our main result is Theorem 1. There are infinitely many nonequivalent sets of four distinct nonzero integers {a, b, c, d} with the property that there exist two distinct nonzero integers such that {a, b, c, d} a D(n 1 )-quadruple and a D(n 2 )-quadruple.
Numerical examples
We started with computational search for D(n)-quadruples, where −500 000 ≤ n ≤ 500 000. For a fixed nonzero integer n, by observing divisors of integers of the form m 2 − n, it is not hard to get some D(n)-quadruples (we were searching in the range m ≤ 333 333).
We have implemented the algorithm in C++. For a fixed n, we construct a graph, connecting the numbers k and l with an edge provided they satisfy k · l = m 2 − n. The graph can be represented using standard containers (for example map<long, set<long> > g; so for k < l, k and l are connected if set g[l] contains k). We also connect k and l with k + l + 2m, since
But we actually used container unordered map<long, vector<long> >, which is somewhat faster and takes less memory. For m = 1, . . . , 333 333, it usually takes about 10-12 seconds (on one core of 3.6GHz) to build such a graph, and it usually takes about 500MB of memory (but graph density depends on n). Then we search for a 4-clique in graph (e.g. D(n)-quadruple). We do this by sorting each vector, and using binary search. So for finding all 4-cliques it takes about a second, and for the most of n's we get several hundreds of quadruples.
Then we searched for n 2 using M. Stoll's program ratpoints (see [29] ). For a quadruple {a, b, c, d}, the search for an integer point on the hyperelliptic curve y 2 = (ab + x)(ac + x)(ad + x)(bc + x)(bd + x)(cd + x) with x = n 2 ≤ 10 8 takes about 0.02 seconds. Here is summarize results of our search: We indicate by * quadruples which contain two elements a and b such that a/b = −1/7. These quadruples will play crucial role in the proof of Theorem 1 in the next section.
Quadruples containing the pair {−1, 7}
Motivated by the examples indicated by * in the previous section, we will show that there infinitely many quadruples of the form {a, b, c, d}, where a/b = −1/7 that are D(n)-quadruples for two distinct (nonzero) n's. Then we will show that in fact we may take a = −1 and b = 7 and get the the same conclusion.
We use regular triples mentioned in the previous section. Namely, if AB+n = R We search for a solution in the from n 2 = kn 1 − l with (rational) constants k and l. We have n 1 = −cd + r 2 and c = −d + 2r + 7. From c + d − 2s = −1, we get r = −4 + s. By inserting this in cd + n 2 = s 2 and solving this equation for d, we get that (28k 2 − 24k − 4)s − 63k 2 + 62k + 4kl − 4l + 1 is a perfect square, say t 2 . Thus we obtain
Consider now the condition that bd + n 2 is a perfect square. We obtain a quadratic function in t with the discriminant −128(k − 1)
There are four remaining conditions: ab+n 2 , ab+n 1 , ac+n 1 and ad+n 1 are perfect squares. All four conditions lead to quadratic functions in t. The corresponding discriminants are
(last two discriminants are identical). Hence, by taking k = 7, we can satisfy last three conditions simultaneously. Only one condition remains, ab + n 2 is a perfect square, and it is equivalent to −6 + 7 900 t 2 being perfect square. From
we obtain
For u ∈ {0, 1, 2, −7/5, −5, 7/2, 7, 4, 7/3, −7, −2, 3, −7/2, 7/4} the elements of the set {−1, 7, c, d} are distinct rationals. By taking u = v/w and getting rid of denominators, we obtain the following result.
Proposition 2. Let v and w be coprime integers and v/w ∈ {0, 1, 2, −2, 3, 4, −5, 7, −7, 7/2, −7/2, 7/3, 7/4, −7/5}.
Then the set
is a D(n 1 )-quadruple and a D(n 2 )-quadruple for
We have obtained infinitely many quadruples with the required property satisfying a/b = −1/7 (in other word, infinitely many rational quadruples with a = −1, b = 7). Now we will show that there are infinitely many integer quadruples with a = −1, b = 7. Indeed, let v and w be a solution of the Pellian equation
The equation (2) has infinitely many integer solutions given by
, and dividing elements of the quadruple by the common factor 4, we obtain quadruples of the form {−1, 7, c, d} which are D(n)-quadruples for two distinct n's. Here are few smallest examples: In the definition of D(n)-m-tuples, the case of n = 0 is usually excluded, although certainly the definition make sense in this case also. The reason for excluding n = 0 is in very different behavior of D(0)-tuples compared with D(n)-tuples for n = 0. While for a fixed n = 0 the size of sets with the property D(n) is bounded, sets with the property D(0) can be arbitrarily large, just take any subset of the set of squares {1, 4, 9, 16, . . .}. However, in the context of finding quadruples which are D(n 1 ) and D(n 2 )-quadruples for n 1 = n 2 , it seems to be natural to consider also the case n 1 = 0. We might expect that in this case it could be easier to find such quadruples, but it seems that there is not straightforward way to see why there should be infinitely many of them.
A simple search for D(n)-quadruples which elements are perfect squares gives many such examples. Here we list some of them: Our starting point in constructing infinitely many quadruples {a, b, c, d} which are D(0)-quadruples and also D(n 2 )-quadruples for n 2 = 0, is the following simple fact (see [10, Theorem 1] and [9, Section 5] ). The set
is a D(2a(2k + 1) + 1)-quadruple provided all its elements are distinct nonzero integers. Thus, we take b = ak
2 − 8k − 4, n = 2a(2k + 1) + 1, and we want to find integers a and k such that {a, b, c, d} is also a D(0)-quadruple, i.e. such that ab, ac and ad are perfect squares. By putting ab = (ak + r) 2 we get
2(a(1 + r)) .
Then we put ac = (2ra + s) 2 and we get
The final condition that ad is a perfect square, now becomes Since r 2 − 2r + 1 is a square, this quartic curve in s has rational point at infinity, so it can be in standard way transformed into an elliptic curve over Q(r):
The curve (4) has a point [0, 0] of order 2 and two independent points of infinite order: If fact, by using the algorithm of Gusić and Tadić from [24] (see also [23, 30] for other variants of the algorithm), we can check that the rank of (4) over Q(r) is equal to 2 and that P 1 and P 2 are its free generators. Indeed, the specialization r = 13 satisfies the assumptions of [24, Theorem 1.3] .
Hence, there are infinitely many rational points on curves (4) and (3), and thus infinitely many quadruples with the required property. We present an explicit formula. By taking the point P 2 − P 1 on (4) Let us mention that in [16, 28] sets which all elements are squares appeared in similar context (construction of (strong) Eulerian m-tuples, which are shifted D(−1)-m-tuples). Other connections of (rational) Diophantine m-tuples and elliptic curves can be found in [3, 14, 18, 20, 21] .
